Abstract-A multiple reference frame based model of a generically configured permanent split capacitor machine is set forth. The model provides for the possibilities of assymmetrical windings, tapping of the main winding, and shifting of the auxillary winding from the quadrature position. The model is valid for both steady-state and transient analysis, and features state variables which are constant in the steady-state, which makes the model readily linearizable for derivation of transfer functions. In addition, a procedure for estimation of the machine parameters based on standstill frequency response measurements is given. Experimental data for steady state operation is included to validate the model.
I. INTRODUCTION
Due to low cost and high reliability, the PSC induction machine is common in industrial applications. However, due to variances of machine configuration, models for these machines for which dynamic and steady-state analysis is possible is complex. In [1] , analysis for single phase induction machines with unsymmetrical windings was presented. For the case of a PSC machine with the auxillary winding is shifted from the quadrature position, analysis was given in [2] . Both [1] and [2] employed the method of multiple reference frames in the analysis. These multiple reference frame models have several desirable features in that they may be used to predict transient and steady-state behavior. Furthermore, since the state variables are constant in the steady-state, the models are readily linearized for the purpose of deriving transfer functions. Such an analysis would be used, for example, to determine the susceptibility of PSC machines to time-varying loads such a compressors [2] . However, several other possible connections of the stator windings exist, including tapping of the main winding with the auxilllary winding. In this case, considerable mathematical difficulty is encountered in developing a model that is valid for both steady-state and dynamic conditions and that is suitable for linear system analysis. In order to use multiple reference frame analysis as in [1] and [2] , it is necessary to use an effective turns ratio to modify how the auxillary and rotor variables are referred. It is also necessary to use an effective phase shift for depicting the actual offset of auxillary winding from the quadrature position. Herein, a model for a generically configured PSC machine is set forth. In addition to the analysis, a straightforward procedure for the measurement of the machine parameters is given that relies only on standstill measurements. Finally, results of steady-state experiments are given to verify the model. Figure 1 illustrates the configuration of the machine under study. Therein designate the first 'a1', 'a2', 'b1', 'ar', and 'br' and second sections of the main stator winding, the auxillary winding, and the ficticious a-and b-phase rotor windings (used to represent the squirrel cage), respectively. The main stator winding consists of the coils 'a1' and 'a2' and share the common 'as' axis. The auxillary 'b' winding features a magnetic axis which is shifted from the quadrature position by mechanical degress, or φ bm φ b electrical degrees. Although depicted as lumped windings in Figure  1 , the distribution is assumed to be sinusoidally about the stator slots. Mechanical rotor position and speed are designate and θ rm ω rm , respectively. Electrical rotor position and speed are defined as P/2 times the corresponding mechanical quanitities, where P is the number of poles. Figure 2 illustrates the generalized connections to the machine. Therein, the b-phase stator winding is seen to be connected between the two a-phase windings. In the event that the second stator winding is not present, this diagram is still valid as long as the number of turns of the second stator winding is set to zero. The input voltage to the machine are designated respectively. Normally, the v ag and v bg , machine is connected such that although other v bg = −v ag , connections are are possible. In the case that the second a-phase winding is present, may be shorted out (set to zero). The a-and v bg b-phase capacitor voltages are denoted . The a-phase v ac and v bc capacitor voltage is always zero, but is retained as a variable for notational convenience in the development to follow. The b-phase capacitor voltage may also be set to zero, in the case of a single phase induction machine without a capacitor. 
II. MACHINE DESCRIPTION
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denote the effective number of N a1 , N a2 , N b1 , and N r turns of the first and second coils of the a-phase stator winding, the b-phase stator winding, and the rotor 'windings' (which are physically constructed with a squirrel cage), respectively.
Variables of the form designate the reluctance of the ℜ lxx leakage path of the x'th winding, where 'x' may be 'a1', 'a2', 'b1', 'ar' or 'br'. Similarly, variables of the form denote the ℜ lxy reluctance of the mutual leakage path of the x'th winding and the y'th winding, where 'x' and 'y' may be 'a1', 'a2', 'b1', or 'r'.
IV. REFERRED MACHINE VARIABLE MODEL
The primitive machine model given by (1-7) while valid, is nevertheless deficient in one point, which is that the state variables (the flux linkages) are not independent. This is due to the fact that the currents are not independent (due to the connection); since the current is a linear function of flux linkage, it follows that the flux linkages are not independent. To resolve this problem, it is convenient to define the following substitute variables of the form
where f represents a stator voltage or a flux linkage . It is also v λ convenient to relabel the a-and b-phase currents
In terms of these substitute variables, it is possible to formulate a model in which the state variables are independent. In this model, the electrical state variables are However, before λ as , λ bs , λ ar , and λ br . expressing this model, it is convenient to make further changes of variables. In particular, in order to make the rotor windings appear to have the same magnetizing inductance as the main winding, the rotor windings are referred to the main stator winding by where 'x' may designate the a-or b-phase. In (12-13), denotes N as the effective total number of turns in the main winding, i.e., (14)
It is also necessary to refer the b-phase stator winding to the a-phase stator winding since the a-and b-phases of a PSC machine do not possess equal numbers of turns. Due to the connection of the b-phase of the and the shift of the b-phase stator axis from the quadrature position, referring the b-phase winding to the a-phase stator winding does not result in the desired analytical simplification. Instead, it is necessary to refer the auxillary winding to the main winding by the ratio
where, as before, denotes a voltage or flux linkage. In (15-16), is f K the effective number of turns or the equivalent seperately connected machine which can be shown to be given by
It can also be shown that the effective phase shift from the quadrature position (in the direction opposite of normal rotation) of the equivalent separately excited machine is given by
In (18) In terms of referred variables, the machine volatege equation becomes
where is a voltage, current, or flux linkage and f (r b1 + r a2 ). The referred flux linkage equations may be expressed
In (22), the submatrices are defined by
The inductance terms in (23-25) may be related to the reluctance terms which appear in (5-7) by
ℜlrr
This model of the tapped main winding machine consisting of voltage equation (19) and flux linkage equation (21) is of the same form of the PSC machine in which the main winding is not tapped. The only differences are that (i) the turns ratio used in the case of the center tapped machine is given by (17) rather than , (ii) K N as /N bs the phase shift is assumed to be given by (18) rather than the φ b actual phase shift and (iii) the mutual resistance term which φ b r abs appears in (21).
V. CAPACITOR CONNECTIONS For the purpose of capacitor dynamics, it is useful to define vectors as
where 'x' may be 'g', 'c', or 's' when referring to source, capacitor, or stator quantities, and the prime on the b-phase variables indicates referrel to the a-phase stator winding. From Fig. 2 
VI. MULTIPLE REFERENCE FRAME ANALYSIS After the development of the referred machine variable model, the next step in the analysis is the derivation of a reference frame model in which rotor position dependent inductances are eliminated. The stator and rotor transformations to the arbitrary rotating reference frame are given by (36) f qds =K 2s f abs and (37) f qdr =K 2r f abr respectively, where
In equations (38) and (39), denotes the position of the arbitrary θ reference frame.
By making such a transformation in a symmetrical induction machine, rotor position dependent terms in both the flux linkage and torque equations are eliminated, leading to a considerable analytical simplification. The simplification occurs regardless of the choice of reference frame. The synchronous reference frame is a particulary good choice for a symmetrical induction machine since all the state variables are constant in the steady state. Such a model can be readily linearized about an operating point for dynamic analysis. Unfortunately, the synchronous reference frame does not yield a machine model with these qualities in an assymetrical machine.
However, by using multiple reference frames, the flux linkage equations for an induction machine can be written in such a way as to both eliminate rotor position dependent terms and exhibit state variables which are constant in the steady state. Essentially, the method relies on expressing all voltage, flux linkage, current and charge equations in terms of both the forward synchronous and the reverse synchronous reference frames . (ω = ω e ) (ω = ω e ) In particular, by expressing the flux linkage equations in both the forward and reverse synchronous reference frames, all rotor position dependent terms are eliminated. By averaging the resulting equations over a period corresponding to , the applied voltage and state 2ω e variables become constant in the steady-state. It can also be shown that the resulting model, although possessing twice the number of state variables as the original system, has state variables which are fully independent. This is also a result of the averaging procedure. Details of the method appear in [2] . In (40), the resistance matrix, R m , is given by The speed matrices, are constant matrices consisting s e and s r of ones, minus ones, and zeros. In particular, denoting an element of the matrix in (row, column) form, elements (1, 2) , (3, 4) , (6, 5) , and (8,7) of are equal to one, elements (2, 1) , (4, 3) , (5,6), and (7,8) are s e equal to minus one. All other elements are zero. Elements (4, 3) and (8,7) of are one and elements (3, 4) and (7, 8) are minus one. THe s r remaining elements are zero.
Using multiple reference frame analysis, the flux linkage equations become
wherein the individual terms of are set forth in Table 1 . Table 1 . Inductance Definitions
In the event that the stator windings are orthogonal, the inductance defined as are zero. L 3 and L 2 It can further be shown that the electromagnetic torque may be expressed in terms of the multiple reference frame currents as . In (59), is formed using a linear C inv Q c combination of charge states in order to achieve a reduction of state variables associated with the capacitor from four to two. The current equation governing the capacitor charge may be expressed in terms of multiple reference frames as 
dωr dt
Where is the rotational inertia, is the load torque, and the J T L source voltage, is defined in (57). v g ,
VII. ANALYSIS OF STEADY STATE OPERATION
The multiple reference frame model may be simplified for steady-state conditions by recognizing that the set of differential equations is constant so that the state variables will be constant in the steady-state. Setting the derivative terms to zero in (64-65) and solving for im yields
Once the current vector is calculated, the electromagnetic torque is found by application of (50). It is often desirable to have the machine currents in phasor form rather than in reference form. The conversion from multiple reference frame to phasor form is accomplished as follows. For any a-phase stator quantity f as = The actual (non-referred) b-phase quantities can be determined by multiplying by the appropriate turns ratio. This procedure was performed on a test machine and the parameters which result appear in Table 2 . Table 2 IX. EXPERIMENTAL VERIFICATION In order to validate the multiple reference frame model, steadystate tests were performed using a 1 hp, 60 Hz, two pole, 460 V machine with a tapped main winding for which the parameters were given in Table 2 . Plotted in Figures 3, 4 , and 5 are the torque, line current, and capacitor voltage vs. speed, respectively. The predicted quantities are given by the dashed line, and the experimental quantities are given by the solid line.
From Fig. 3, 4 and 5, it is apparent that the predicted torque, line current and capacitor voltage agree well with the experimental data, particularly over the range of normal operation (2 Nm or less). However, the low speed predicted torque differs significantly from measured torque. This is presumedly due to the current harmonics that were observed to occur at low speed (high frequency rotor current) that are not accounted for in the model. Nevertheless, the multiple reference frame model has been validated for the normal operating range.
X. CONCLUSIONS The method of multiple reference frames was used to develop a state variable model for permanent split capacitor induction motors. The model was generalized for the inclusion of assymmetrical windings, windings not in quadrature, and tapping of the main winding with the auxilllary winding. The model is vaid for steady-state, transient and dynamic analysis. Furthermore, a procedure for estimation of the machine parameters was outlined. The model and parameter estimation scheme were validated by experimental results which agreed well with theoretical predictions.
